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Paper III - Abstract Algebra 

Unit I - Groups 

1.8 – Order of an element of a group (Index: 2.3.3.1.8) 

Handout 

Order of an element of a group: Let (𝑮,∙) be a group and 𝑎 be any element of 𝑮 . 

Then the order of the element 𝑎 is defined as the least positive integer 𝑛 such 

that 𝑎𝑛 = 𝑒. 

If there exists no positive integer 𝑛 such that 𝑎𝑛 = 𝑒, then we say that 𝑎 is of 

infinite order or zero order. 

We denote the order of 𝑎 by 𝑶(𝒂) or |𝑎|. 

Example: 

 If 𝐺 = {1, −1} then 𝐺 is a finite group under usual multiplication. Here 

𝑶(𝟏) = 𝟏 & 𝑶(−𝟏) = 𝟐 since (−1)2 = 1. 

 If 𝐺 = {1, 𝜔, 𝜔2} then 𝐺 is a finite group under usual multiplication. Here 

𝑶(𝟏) = 𝟏 & 𝑶(𝝎) = 𝟑 (∵ (𝜔)3 = 1 and 𝑶(𝝎𝟐) = 𝟏(∵ (𝜔2)3 = 1) 

 
POINTS TO REMEMBER: 

 

 The order of every element of a finite group is finite and is less than or equal 

to the order of the group. 

 In a group 𝑮, if 𝑎 ∈ 𝑮, then 𝑶(𝒂) = 𝑶(𝒂−𝟏). 

 If 𝑎 is an element of a group 𝑮 such that 𝑶(𝒂) = 𝒏 then 

𝑎𝑚 = 𝑒 𝑖𝑓𝑓 𝑛⁄𝑚 

 
Problem : The order of every element of a finite group is finite and is less 

than or equal to the order of the group. 

Proof : Let (𝐺, . ) be a finite group ,let 𝑎 ∈ 𝑮, by closure law we have 

𝑎2, 𝑎3, 𝑎4, … … . ∈ 𝐺 since 𝐺 is finite ,all the positive integral powers of 𝑎. 
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Let 𝑎𝑟 = 𝑎𝑠 where r,s ∈ 𝑁and r>s 

∴ 𝑎𝑟 = 𝑎𝑠 ⇒ 𝑎𝑟−𝑠 = 𝑎0 = 𝑒 ⇒ 𝑎𝑚 = 𝑒 where r-s=m 

Since 𝑟 > 𝑠, 𝑚 is a positive integers 

∴ ∃ a positive integers 𝑚 such that 𝑎𝑚 = 𝑒 

Hence if 𝑛 is the positive integral value of m such that 𝑎𝑛 = 𝑒 ,then 𝑂(𝑎) = 𝑛 

∴ 𝑂(𝑎) is finite . 

Now to prove that 𝑂(𝑎) ≤ 𝑂(𝐺) 

If possible let 𝑂(𝑎) > 𝑂(𝐺). 

Let 𝑂(𝑎) = 𝑛 by closure we have 𝑎2, 𝑎3, 𝑎4, … … . ∈ 𝐺 

No those two elements are equal ,for if possible Let 𝑎𝑟 = 𝑎𝑠 then 𝑎𝑟−𝑠 = 𝑒 since 

O< 𝑟 − 𝑠 < 𝑛, 𝑂(𝑎) < 𝑛 which is contradiction 

Hence the n elements 𝑎2, 𝑎3, 𝑎4, … … . ∈ 𝐺 are distinct elements of 𝐺 

Hence 𝑂(𝑎) ≤ 𝑂(𝐺) 

Theorem: The order of any positive integral power of an element 𝑎 in a group 𝐺 

cannot exceed the order of 𝑎 i.e in a group 𝐺,𝑂(am) ≤ O (a), 𝑎 ∈ 𝐺 and 𝑚 ∈ 

N. 

Proof :Let 𝑂(𝑎) = 𝑛. if  𝑚 is a positive integer ,then 𝑎𝑚 ∈ 𝐺.𝑂(𝑎) = 𝑛,𝑎𝑛 = 

𝑒⇒(𝑎𝑛)𝑚 = 𝑒𝑚 ⇒ 𝑎𝑚𝑛 = 𝑒 ⇒ (𝑎𝑚)𝑛 = 𝑒 

∴ 𝑂(𝑎𝑚) ≤ 𝑛 ⇒ 𝑂(𝑎𝑚) ≤ 𝑂(𝑎) 

 
Exercise Problems: 

 For any two elements a,b € G where G is a group then O(a) =O(b-1ab) 

 Show that all groups of order 4 and less are commutative. 

 If 𝑎is an element of a group 𝐺 such that 𝑂(𝑎) = 𝑛, then 𝑎𝑚 = 𝑒 iff 𝑛/𝑚 
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